Abstract. We present the eigenmodal analysis techniques enhanced towards calculations of optical and non-interacting Bose-Einstein condensate (BEC) modes formed by random potentials and localized by Anderson effect. The results are compared with the published measurements and verified additionally by the convergence criterion. In 2-D BECs captured in circular areas, the randomness shows edge localization of the high-order Tamm-modes. To avoid strong diffusive effect, which is typical for BECs trapped by speckle potentials, a 3-D-lattice potential with increased step magnitudes is proposed, and the BECs in these lattices are simulated and plotted.
Introduction
The localization concept was proposed in 1958 by P. W. Anderson who explained the absence of diffusion of waves in a disordered medium [1] . It is now recognized that this finding is a general wave phenomenon, which has been experimentally confirmed for the light [2] - [7] , electromagnetic (EM) [8] , [9] sound [10] and quantum waves [11] - [13] in highly disordered matter. Several approaches have been developed to model and simulate this effect. Unfortunately,
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The numerical results are compared with the known measurements, and it is shown that they are in good correspondence with them. The Section 4.2 proposes a way of trapping BECs with random potential, and the Anderson localization leads to increased accuracy of trapped matter control. The Section 4.3 studies the edge states in a 2-D circular area and the influence of the potential randomness on the shapes of trapped matter.
Algorithms for the Eigenmodal Analysis
The physical systems discussed in this paper are related to the wave phenomena and described by the frequency-dependent eigen-equations of the Schrödinger type: 
where  is the eigen frequency, v is the unknown wavefunction which satisfies the normalization condition 
Iterative Algorithms
Many algorithms are known to solve eq. (2). Due to the large size of the system, especially, in 3-D cases, only iterative algorithms are considered in this work. One option is to use the modified Rayleigth Quotient iteration [21] to compute a single eigenvalue and corresponding eigenvector, and this algorithm is shortly described below.
Modified Rayleigh Quotient iteration

Start:
o 
Precision of the Numerical Solutions
The accuracy of numerical solutions depends on the grid. Roughly speaking, the numerical solutions become more precise as the number of grid points approaches infinity. Due to the limitation of computer memory, it is only possible to use the grids of limited size, and an approach to evaluate the accuracy of numerical solutions needs to be obtained.
We started by checking the case when the potential is harmonic, i.e. 
Taking a square of both sides of eq. (3), one obtains,
Assuming that N+1 is large enough so that (4) is close to zero and the inequality is reduced to
By taking integral over the interested domain  on both sides of (5) and then dividing by The results are illustrated in Fig. 1 . It is obvious that the higher dimensional simulations introduce more error to the numerical solutions due to some instability of algorithm which typical for many iterative methods [15] . We specially draw a vertical dash-dot line at N=50 in Fig. 1 to show the safety choice of the number of grid points. When N is greater than 50, the quantity
is below 10 -2 even for 3-D cases. This means that the relative error r is less than 1%. Since we include ten periods of potential in all cases, 50 N  is equivalent to at least five points for each period of potential.
It is concluded that the number of grid points N should be chosen according to the spacedependent potential in (1) . We are going to study the localization effect for different application cases in the next two sections. The precision of the numerical solutions is very difficult to derive due to the randomness of potentials. Therefore, for each case in the Sections 3 and 4, an average value of the quantity
is calculated through 100 samples, so that general idea of relative error is applicable.
Application to 2-D Photonic Lattices
We first use the eigenmodal analysis to simulate the 2-D photonic lattices. The authors in (9) is now z  independent. Our method is more efficient than the split-step Fourier one as it was found from our simulations because it avoids solving the xy  planes along the light propagation direction. The ratio between the random fluctuations and refractive index is very small condition on all boundaries. We perform simulations on an N=1400 2-D grid. The average relative error in this case is 3.01%. To visualize the localization effect, we check the smallest eigenvalue of (9) and its corresponding eigenvector of the Hamiltonian matrix. Localization of this highest propagating mode is the sign that all lower modes have been already localized in these conditions [17] . For illustration purpose, the optical intensity distributions at the disorder levels 0%, 15%, and 45% are plotted in the xy  plane and are compared with the measured ones from [3] where the optical field is shown for localized beam composed of many propagating modes. Then, our numerical results for the highest propagating mode (Fig. 3) visually are in good correspondence with the mentioned measurements.
Since the random numbers are generated by computer, it is important to measure the averages of samples over many realizations. We simulate eleven different levels of disorder, and we The application of eigenmodal analysis to the photonic case is demonstrated in this Section. In addition, the main advantage of this approach in photonic case is that it avoids solving numbers of xy  planes one after another along the propagation direction. This simulation advantage will become more obvious when light propagates for longer distances.
Application to Non-interacting BECs
We now study the localization effect in non-interacting BECs [22] , [23] , [24] . The time- Using the eigenmodal analysis method and calculating the smallest eigenvalue and its corresponding eigenvector (the main mode) of (11), one is able to study the behavior of BECs regarding the lowest chemical potential  .
3-D Non-interacting BECs in Speckle Potential
The speckle pattern is produced by the mutual interference of a set of optical wave fronts [25] .
Ever since the invention of the laser, the speckle pattern finds a variety of applications. For instance, the authors in [12] have employed an optical speckle field to the BECs and found the Anderson localization effect. Optical speckle fields are also used to trap ultra-cold Fermi gas in [26] .
In our particular case, the computation domain is       50,50 50,50 μm 50,50      , and the simulation is performed on the N=50 3-D grid. The average relative error (7) in this case is 3.72%.
The boundary conditions are of the Dirichlet type on all boundaries. A 3-D speckle type random potential is first generated according to the method in [27] , as illustrated in Fig. 5 . It has the same characteristics as the speckle potential in Fig. 1-(a) from [26] .
We are interested to know the disorder of speckle potential. Unlike the case in Section 3, the disorder level cannot be normalized regarding the mean value of the generated speckle potential, since the speckle generation algorithm has no possibility to control it. Therefore STD V is defined as the standard deviation of the speckle potential, and it indicates the magnitude of the disorder (not in normalized form). When STD /0 Vh  ( h is the Planck constant), it is seen that the trapped BECs form a smooth sphere in Fig. 6-(a) ; As the standard deviation increases to STD / 50 Vh  , the shape of the BECs starts to be distorted due to, presumably, the Anderson effect (Fig. 6-(b) );
When the disorder of the speckle potential continues increasing, the trapped BECs start to split in Fig. 6-(c) . This conclusion is in conformity with the reported measurements [11] , which are illustrated in the insets of corresponding figures.
In order to quantify the localization effect in this case, the effective width of trapped BECs is (Fig. 7 ). This conclusion is in correspondence with the published 1-D measurements presented in Fig. 3 of [12] .
Like the photonic case in Section 3, the Anderson effect possibly results in the localization of BECs, and this phenomena is successfully modeled by our approach. 
Non-interacting BECs Trapped in 3-D Lattice Potential
The trapping potentials in [11] , [12] , [26] were generated using the diffusive plates. Due the smoothness of this random potential distribution, only a part of atoms of BECs is localized while others are spreading away with the time [13] . To decrease this diffusive component of the trapped Therefore the periodicity of the lattice potential is comparable to the BEC's wavelength, and the localization effect occurs. The magnitude of potential is random, and it can be realized using holography or photomasks. Similar to the photonic lattice and the photonic speckle potentials, the disorder level of this 3-D lattice is related to the standard deviation of randomness.
Simulations of eq. (11) grid. The average relative error (7) of our calculations in this case is 5.65%. The numerical results
show that the size of BECs decreases monotonically as the disorder level increases (Fig. 9) . It is also shown that the average effective width BEC w decreases exponentially with respect to the disorder level (Fig. 10) . This effective width of BECs is calculated for 11 levels of disorder from 0% to 50%, and the results for each level are taken from the average of 100 realizations. Only four of them are shown in Fig. 9 as the examples. By controlling the disorder level, it is possible to reduce the size of the trapped BECs down to a certain limit. In our case, the effective width BEC w stops decreasing when reaching 10 μm, and this is exactly a half period of the lattice potential. Another limit is with the known relationship of the BEC wavelength and the period of the lattice. This means that the size of BECs can be controlled by the lattice in a certain limit if enough disorder level is provided. This is an advantage of using the lattice potential comparing to the traditional method of trapping BECs (e.g. 
Higher-order Modes of Non-interacting BECs in 2-D Lattice Potential
If one arranges the eigenvalues of eq. (11) For this purpose, the BECs trapped by lattice potentials in a 200×200-μm 2-D area is simulated, and a 2-D grid of N=400 is used for this purpose. The average relative error of 9.03% in our calculations is registered. The lattice potential of the spatial period around 10 μm exists only in a circular area, which is centered at the original point with the radius of 90 µm. The hard-wall boundary (infinitely large potential) is applied in the surrounding margin area (Fig. 11) .
Initially, consider the non-random potential. In linear optics, Tamm-like surface waves were suggested in periodic media [29] . Due to the periodicity of the used lattice potential, it is not surprising that the ring-structured BECs are found close to the boundary by simulations. In our particular case, not only single rings (the first row in Fig. 12 ), but also double rings (2 nd row in 22 Fig. 12 ) are found when the lattice potential is in absence of disorder. We notice that these rings in our simulations are periodic in angular direction, and the angular spatial frequency is proportional to the chemical potential  , e.g. for the single rings in the first row of Fig. 12 , the chemical potential increases from (a) to (c), and it is seen that the angular spatial frequency also increases. This is because the chemical potential in eq. (11) corresponds to the eigen frequency in eq. (1), and the latter one determines the frequency in spatial domain. We now focus on the chemical potential 24  (the 24 th eigenvalue of eq. (11)) and its corresponding eigenvector. This mode has a double ring structure when there is no disorder, and
BECs are evenly divided on the inner ring and the outer ring ( Fig. 13-(a) ). The mean amplitude of the lattice potential is set to / 500
ext Vh  , and we check 120 realizations for every disorder level at 1% (Fig. 13 (b-e) , 5% ( Fig. 13(f-i) ), and 30% ( Fig. 13 (j-m) ). The third type of BECs distribution: one ring that is merged by two.
If disorder exists, the shape of each realization is different, but they can be categorized by three types. The first type ( Fig. 13-(b-e) ) is a shape of two distinct rings, but BECs are not evenly divided on the rings due to the localization effect. The second type is a shape of two interacting rings ( Fig. 13-(f-i) ), i.e. the inner ring interacts with the outer ring. The third type is a shape of one ring that is merged by two ( Fig. 13-(j-m) ), namely, the inner and outer ring interact so much that they merge into one ring. For the low disorder level (1%), all the 120 simulations are the first type, therefore the shape of two distinct rings is the dominant shape. As the disorder level is higher (5%), we observe the first type for 24 times, the second type for 86 times, and the third type for 10 times, therefore the shape of two interacting rings dominates. For 30% disorder, we observe the first type for 6 times, the second type for 47 times, and the third type for 67 times, thus the shape of one ring that is merged by two is the dominant shape.
The nature of these statistically-stable shapes is unknown, and, probably, it is caused by Anderson localization in its formation stage ( Fig. 13-(a) and Fig. 13-(b-e) ). The two rings are almost uniformly divided in Fig. 13-(a) when there is no disorder. Small disorder of 1% leads to non-uniform distribution on the rings due to the localization effect. It can be seen that the inner ring will be shifted towards the outer ring for increased disorder, so that the inner and outer rings starts to interact and merge. We mostly see the shapes in Fig. 13 -(a-e) for low disorder (≤1%), and the two rings are isolated. If the disorder level reaches 5%, one mostly observes that the two rings interact with each other ( Fig. 13-(f-i) ). The highest disorder in our test results in so much interactions of the inner and outer ring that they merge into one ring ( Fig. 13-(j-m) ). These facts make the further research interesting to find the edge-localized modes which can demonstrate the topological features towards the shape distortions [6] , [16] , [17] , [30] , [31] .
Conclusion
In this paper, the eigenmodal iteration techniques have been improved and verified by published theoretically reached minimal size of the trapped BECs has been found close to a half of the lattice period, which is comparable with the particle wavelength for the given energy.
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